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SQIsign
SQIsign is an isogeny-based signature scheme in Round 1 of NIST’s alternate call for 
signature schemes. 

Small signature and public key size

(Relatively) fast verification

Slow and complicated signing

We will show that original SQIsign can also be viewed in this way.

New variants [SQIsign2D-West/East, SQIPrime] have showed that SQIsign verification can be done 
with -isogenies between products of elliptic curves.(2,2)



A primer on isogeny-based cryptography
Let  be a (separable) isogeny between elliptic curves  over .  φ : E1 → E2 E1, E2 𝔽p

The degree  of the isogeny is the size of the kernel. deg φ



A primer on isogeny-based cryptography
Let  be a (separable) isogeny between elliptic curves  over .  φ : E1 → E2 E1, E2 𝔽p

The degree  of the isogeny is the size of the kernel. deg φ

For  prime, we can compute an -isogeny from its kernel using Vélu’s formulae in   
or in  using .  
To compute an isogeny of degree , we compute  isogenies of degree 
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A primer on isogeny-based cryptography
Let  be a (separable) isogeny between elliptic curves  over .  φ : E1 → E2 E1, E2 𝔽p

The degree  of the isogeny is the size of the kernel. deg φ

For  prime, we can compute an -isogeny from its kernel using Vélu’s formulae in   
or in  using .  
To compute an isogeny of degree , we compute  isogenies of degree 

ℓ ℓ O(ℓ)
Õ( ℓ) élu

ℓk k ℓ

We work with supersingular  so it’s (isomorphic to a model) defined over  .  
We can enforce  so that we have -rational -isogenies

E 𝔽p2

ℓ |#E(𝔽p2) 𝔽p2 ℓ

φ = φk ∘ ⋯ ∘ φ1
degree ℓk degree ℓ



The isogeny problem

Given supersingular  defined over  compute the isogenyE1, E2 𝔽p2

φ : E1 → E2

The best classical attack: Delfs—Galbraith runs in Õ(p1/2)
The best quantum attack: Biasse—Jao—Sankar runs in Õ(p1/4)
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A deeper look at the response isogeny

φcom

φsk φchall

φsig

E0 E1

E2EA

• Naive response: 

Completely leaks the secret isogeny! 
φchall ∘ φcom ∘ ̂φsk

φsig

2e

NIST-I prime has    rational torsion and , and so we perform the response isogeny in  steps275 e = 975 13

• Instead we find an equivalent isogeny  
using the  KLPT algorithm.

• The isogeny output by this algorithm has degree  



SQIsign: verification
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Uncompressed Signatures

•  is given as a list of kernel generators  φsig
K1, K2, …, K13



SQIsign verification in detail
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Uncompressed Signatures

•  is given as a list of kernel generators  φsig
K1, K2, …, K13

φ1
E(1)

φ2
E(2)

φ3 φ13… E2

•  generates challenge 
isogeny 
Kchall = H(E1 | |m)
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SQIsign verification in detail

φcom

φsk

E0 E1

EA

Compressed Signatures

•  is given as a list of scalars φsig
s1, s2, …, s13 ∈ ℤ/275ℤ

φ1
E(1)

φ2
E(2)

φ3 φ13… E2

1) Deterministically sample a basis  
 ⟨Pi, Qi⟩ = E(i−1)[275]

E′ 2

φchall

?=
We can also compress  needed for the challenge.E1

At each step :i

2) Obtain the kernel generator as  
 Ki = Pi + siQi



Moving to dimension 2



Abelian surfaces
There are two types of (principally polarised) abelian varieties of dimension 2:

• Jacobians of hyperelliptic curves  
• Products of elliptic curves 

𝒥C
E1 × E2

Superspecial abelian surfaces are (isomorphic to a model) defined over 𝔽p2



Hyperelliptic curves
Elliptic Curves Genus-  Hyperelliptic Curve2

E : y2 = x3 + Ax + B C : y2 = f(x), deg( f ) = 5 or 6
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Hyperelliptic curves
Elliptic Curves Genus-  Hyperelliptic Curve2

E : y2 = x3 + Ax + B C : y2 = f(x), deg( f ) = 5 or 6

P

Q
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R = P ⊕ Q
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Jacobians and Divisors
Mumford Representation

DP = (P1) + (P2) − D∞ ∈ JC
P1 = (x1, y1)

We will represent an element of the Jacobian 

using the Mumford representation ⟨a(x), b(x)⟩

a(x) = (x − x1)(x − x2), b(xi) = yi

with D∞ = ⟨1,0⟩ .

P2 = (x2, y2)

Let  be the Jacobian of the genus 2 curve .𝒥C C

deg 5 deg 6

1 2 3 4 5 1 2 3 4 5 6

5

6

∞ ∞+

∞−

D∞ = 2(∞) D∞ = (∞+) + (∞−)



Jacobians and Divisors
Mumford Representation

DP = (P1) + (P2) − D∞ ∈ JC
P1 = (x1, y1)

We will represent an element of the Jacobian 

using the Mumford representation ⟨a(x), b(x)⟩

a(x) = (x − x1)(x − x2), b(xi) = yi

with D∞ = ⟨1,0⟩ .

P2 = (x2, y2)

Example: two-torsion points

Pairs of Weierstrass  points (wi,0), (wj,0) D = ⟨(x − wi)(x − wj),0⟩

Let  be the Jacobian of the genus 2 curve .𝒥C C

Weierstrass 
points



Abelian surfaces

Let  be a homomorphism between abelian surfaces. We say that  is an isogeny 
if it is surjective and has finite kernel.

ϕ : 𝒜1 → 𝒜2 ϕ

Three types of isogenies:

There are two types of (principally polarised) abelian varieties of dimension 2:

• Jacobians of hyperelliptic curves  
• Products of elliptic curves 

𝒥C
E1 × E2

Superspecial abelian surfaces are (isomorphic to a model) defined over 𝔽p2

E1 × E2 → 𝒥C 𝒥C → 𝒥C′ 
𝒥C → E1 × E2

Glue Split



Abelian surfaces
There are two types of (principally polarised) abelian varieties of dimension 2:

• Jacobians of hyperelliptic curves  
• Products of elliptic curves 

𝒥C
E1 × E2

Superspecial abelian surfaces are (isomorphic to a model) defined over 𝔽p2

We consider -isogenies. The kernel  is generated by  such that .(2,2) G R, S ∈ 𝒥1[2] e2(R, S) = 1

Let  be a homomorphism between abelian surfaces. We say that  is an isogeny 
if it is surjective and has finite kernel.

ϕ : 𝒜1 → 𝒜2 ϕ



Rosenhain Curves

Rosenhain FormMontgomery Form

Cλ,μ,ν : y2 = x(x − 1)(x − λ)(x − μ)(x − ν)Eα : y2 = x(x − α)(x − 1/α)

Elliptic Curves Genus-  Hyperelliptic Curve2
E : y2 = x3 + Ax + B C : y2 = f(x), deg( f ) = 5 or 6

If we have rational 
-torsion on 2 E

If we have rational 
Weierstrass points 

on  C
≅ ≅

For our cryptographic applications, we work with superspecial  Jacobians, and so we can enforce full 
rational -torsion.2



Kummer surfaces
Kummer surfacesKummer Line

“fast -only arithmetic”x

𝒦C ↪ ℙ3𝒦E ≅ ℙ1

xP xQ xR

𝒦E = E/⟨±1⟩ 𝒦C = JC /⟨±1⟩

arithmetic?

The quotient map destroys the group structure, but we still have a pseudo-group law.

1 coordinate
4 coordinates 

 X1, X2, X3, X4



Fast arithmetic on Kummer surfaces

Kummer surfaces from 
general hyperelliptic curves

Kummer surfaces from 
Rosenhain curves

General Kummer surfaces 
(Cassels & Flynn)

Kummer surfaces arising from theta 
functions
Fast arithmetic!



Kummer surfaces in cryptography

Kummer surfaces in mathematics

Kummer surfaces in HECC

Kummer surfaces in isogenies

The general Kummer surface 
has thus been the subject of 
interest in mathematics (see 
Cassels—Flynn).

Introduced to cryptography by 
Gaudry (2004), who extended 
work by the Chudnovsky 
brothers (1986).  

Hyperoptimised version in 2014 
using the squared Kummer:

Kummer strikes back  
(Bernstein, Chuengsatiansup, Lange, Schwabe)

Faster than elliptic curve Diffie-
Hellman using parallelisation.

General (2,2)-isogeny formulae 
due to Dartois, Maino, Pope, 
and Robert (2023). 

(2,2)-isogeniesin a special setting 
developed by Costello (2018).

Allows us to develop the theory 
of Kummer surfaces.

Lots of theory developed for 
theta functions of level 2 by 
Cosset, Lubicz, Robert, and 
others.

Allows us to have fast 
arithmetic.

Allows us to have fast isogeny 
formulae.



Fast arithmetic on Kummer surfaces
Analogously to Weierstrass vs. Montgomery, the canonical and squared Kummer surface 
has the faster arithmetic.

The arithmetic and (2,2)-isogenies are built from these 4 simple building blocks:

H : (X1 : X2 : X3 : X4) ↦ (X1 + X2 + X3 + X4 : X1 + X2 − X3 − X4 : X1 − X2 + X3 − X4 : X1 − X2 − X3 + X4)

S : (X1 : X2 : X3 : X4) ↦ (X2
1 : X2

2 : X2
3 : X2

4)

CU : (X1 : X2 : X3 : X4) ↦ (X1 ⋅ U1 : X2 ⋅ U2 : X3 ⋅ U3 : X4 ⋅ U4)
Inv : (X1 : X2 : X3 : X4) ↦ (1/X1 : 1/X2 : 1/X3 : 1/X4)

Can be computed with 6 
multiplications



Fast arithmetic on Kummer surfaces

We work with the squared model

𝒦sqr : E ⋅ X1X2X3X4 = ((X2
1 + X2

2 + X2
3 + X2

4) − F ⋅ (X1X4 + X2X3)
−G ⋅ (X1X3 + X2X4) − H ⋅ (X1X2 + X3X4))2

where  are rational functions in the identity point E, F, G, H (μ1 : μ2 : μ3 : μ4)

We also work with constants ,  
which will appear in the isogeny formulae later.

(A2 : B2 : C2 : D2) = H(μ1 : μ2 : μ3 : μ4)



Scholten’s construction

<latexit sha1_base64="r+r/00adfpzstY9ChNI90mCOPUA="></latexit>

E↵/ Fp2

E↵ ⇥ E(p)
↵ / Fp2 J↵/Fp

E(p)
↵ / Fp2

glue

Scholten gives explicit equations to construct  from  , by taking the “Weil 
restriction”.

Jα/𝔽p Eα/ 𝔽p2

We can view this as a special type of glueing.



Elliptic Kummer surfaces

<latexit sha1_base64="n+gmfD25Qpp9sMNwSXxbl6rljvw="></latexit>

E↵ ⇥ E(p)
↵ / Fp2 J↵/Fp J�,µ,�µ/Fp Ksqr/Fpglue



Isogenies between Kummer surfaces

<latexit sha1_base64="HPPcmwi4Uwioc4uzjJID3YoXjuk="></latexit>

J1 J2

K sqr
1 K sqr

2

�

'

A -isogeny of Kummer surfaces is 
a morphism  such that the following 
diagram commutes.

(2,2)
φ



Isogenies between Kummer surfaces

φG = S ∘ AG ∘ CInv(A:B:C:D) ∘ H

Let’s consider the general case of -rational (2,2)-isogenies between /  with kernel . 𝔽p 𝒦sqr 𝔽p G

Linear map given by a 4x4 matrix whose 
entries are fourth roots of unity



Isogenies between Kummer surfaces

φG = S ∘ AG ∘ CInv(A:B:C:D) ∘ H
Requires square roots to compute  

.  
Can also use rational -torsion lying above 
in some cases

Inv(A : B : C : D)
4

Let’s consider the general case of -rational (2,2)-isogenies between /  with kernel . 𝔽p 𝒦sqr 𝔽p G



Isogenies between Kummer surfaces

φG = S ∘ AG ∘ CInv(A:B:C:D) ∘ H

We now specialise this to the elliptic Kummer surface case. 

Let’s consider the general case of -rational (2,2)-isogenies between /  with kernel . 𝔽p 𝒦sqr 𝔽p G



Isogenies between elliptic Kummer surfaces
Let  a -torsion point.D ∈ Eα[4] 4 Then  a -torsion point.η̄(D) ∈ 𝒦α[2] 2

<latexit sha1_base64="WCxyDC85zinBJThfLHcOXn7dHVg="></latexit>

E↵ E↵/h[2]Di

K↵ K↵/h⌘̄(D)i

�

⌘̄ ⌘̄0

'

Defined over 𝔽p2

Defined over 𝔽p



Isogenies between elliptic Kummer surfaces
Let  a -torsion point.D ∈ Eα[4] 4 Then  a -torsion point.η̄(D) ∈ 𝒦α[2] 2

<latexit sha1_base64="WCxyDC85zinBJThfLHcOXn7dHVg="></latexit>

E↵ E↵/h[2]Di

K↵ K↵/h⌘̄(D)i

�

⌘̄ ⌘̄0

'

An elliptic Kummer surface!



Isogenies between elliptic Kummer surfaces
Let  a -torsion point.D ∈ Eα[4] 4 Then  a -torsion point.η̄(D) ∈ 𝒦α[2] 2

<latexit sha1_base64="WCxyDC85zinBJThfLHcOXn7dHVg="></latexit>

E↵ E↵/h[2]Di

K↵ K↵/h⌘̄(D)i

�

⌘̄ ⌘̄0

'

Note: the kernel of the isogeny is now defined by one -torsion point!2



Isogenies between elliptic Kummer surfaces

<latexit sha1_base64="JMSOhVWGfvMvskR2taBHgmQ9vF4="></latexit>

'0 = CInv(A2:B2:C2:D2) � S � H

<latexit sha1_base64="NhR+k33TtvEmVo51eQ7LLDvUns0="></latexit>

E↵ : y2 = x(x� ↵)(x� 1/↵)

<latexit sha1_base64="Fa8nHydsbGQwSmvildQ5HsJomQw="></latexit>

E↵ E↵/h(0, 0)i

K↵ K↵/hK0i

�0

'0

<latexit sha1_base64="OSnUs5cWbTtzhT5RFxCo0DmeXkY="></latexit>

K0 = (µ4 : µ3 : µ2 : µ1) or (µ3 : µ4 : µ1 : µ2)

Evaluating at a point: 8M + 8a

COST
Obtaining image: 8a 



Isogenies between elliptic Kummer surfaces

<latexit sha1_base64="xsuMraAK+oT5H41E1KdJyfE89mw="></latexit>

'↵ = S � H � CInv(A:B:C:D) � H

<latexit sha1_base64="u+96w/SRZUbxFPt10Gb+BHuUQMY="></latexit>

H
0(X : Y : Z : T ) = H(�X : Y : Z : T )

<latexit sha1_base64="9MhhRbyD5ZZNyzQYcHPVObCcVYM="></latexit>

'1/↵ = S � H0 � CInv(A:B:C:D) � H

<latexit sha1_base64="NhR+k33TtvEmVo51eQ7LLDvUns0="></latexit>

E↵ : y2 = x(x� ↵)(x� 1/↵)

Scaling factor  computed 
with 3M + 8a using the -torsion lying above 
the kernel generator 

Inv(A : B : C : D)
4

<latexit sha1_base64="X8PWGFZj0kddqat/f8BSN7p+IvA="></latexit>

E↵ E↵/h(↵, 0)i

K↵ K↵/hK↵i

�↵

'↵

<latexit sha1_base64="CHaFXRKQ7Vxs4EHwUCSJQZROCJA="></latexit>

E↵ E↵/h(1/↵, 0)i

K↵ K↵/hK1/↵i

�1/↵

'1/↵

<latexit sha1_base64="65Ji8Ef/5Sz60LimVHGgRTUYAX8="></latexit>

K↵ = (1 : 0 : 0 : ⌧) or (1 : 0 : ⌧ : 0)

<latexit sha1_base64="Ldyx6BjpFfadIrEOM8WWjRw6VE8=">AAACH3icbVDJSgNBFOyJW4xb1KOXxiDES5wRiRIQgl4ELwpmgUwIbzo9SZOehe43YhjyJ178FS8eFBFv+Rs7y8GtTkXVe7x65cVSaLTtsZVZWFxaXsmu5tbWNza38ts7dR0livEai2Skmh5oLkXIayhQ8masOASe5A1vcDnxG/dcaRGFdziMeTuAXih8wQCN1MmXrzupc+SCjPswoue06CIktELtil1xDqmL/AFTGik6mlkTuWIfdvIFu2RPQf8SZ04KZI6bTv7T7UYsCXiITILWLceOsZ2CQsEkH+XcRPMY2AB6vGVoCAHX7XT634geGKVLfZPCj0KkU/X7RgqB1sPAM5MBYF//9ibif14rQf+snYowTpCHbHbITyTFiE7Kol2hOEM5NASYEiYrZX1QwNBUmjMlOL9f/kvqxyWnXCrfnhSqF/M6smSP7JMiccgpqZIrckNqhJFH8kxeyZv1ZL1Y79bHbDRjzXd2yQ9Y4y9i2J7Z</latexit>

K1/↵ = (⌧ : 0 : 0 : 1) or (⌧ : 0 : 1 : 0)

Evaluating at a point: 8M + 16a

COST
Obtaining image: 11M + 32a 



Chains of (2,2)-isogenies

<latexit sha1_base64="fH9aJKm9mEz9sBl0GHuV+ymQ3OY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN4KbCvYB7VAyaaYNzSRjkimUod/hxoUibv0Yd/6NmXYW2nogcDjnXu7JCWLOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Dbz2xOqNJPi0Uxj6kd4KFjICDZW8nsRNiOCeXo/63v9csWtunOgVeLlpAI5Gv3yV28gSRJRYQjHWnc9NzZ+ipVhhNNZqZdoGmMyxkPatVTgiGo/nYeeoTOrDFAolX3CoLn6eyPFkdbTKLCTWUi97GXif143MeG1nzIRJ4YKsjgUJhwZibIG0IApSgyfWoKJYjYrIiOsMDG2p5ItwVv+8ippXVS9WrX2cFmp3+R1FOEETuEcPLiCOtxBA5pA4Ame4RXenInz4rw7H4vRgpPvHMMfOJ8/sKSSEA==</latexit>

K1
<latexit sha1_base64="D3y1q3iCq3UZv2gsn6dUZRcZZqM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsLXSLiWbZtvQJBuSbKEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vcLa+sbmVnG7tLO7t39QPjxqmSTVhDZJwhPdjrChnEnatMxy2laaYhFx+hiNbmf+45hqwxL5YCeKhgIPJIsZwdZJT90x1mrIen6vXPGr/hxolQQ5qUCORq/81e0nJBVUWsKxMZ3AVzbMsLaMcDotdVNDFSYjPKAdRyUW1ITZ/OApOnNKH8WJdiUtmqu/JzIsjJmIyHUKbIdm2ZuJ/3md1MbXYcakSi2VZLEoTjmyCZp9j/pMU2L5xBFMNHO3IjLEGhPrMiq5EILll1dJ66Ia1Kq1+8tK/SaPowgncArnEMAV1OEOGtAEAgKe4RXePO29eO/ex6K14OUzx/AH3ucPp7SQVA==</latexit>'0

<latexit sha1_base64="F9c3h5p4UQwyJBvKeu7nVjpGjFs=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKVI9FLx4r2A9o1zKbZruh2WxIspWy9H948aCIV/+LN/+NabsHbX0w8Hhvhpl5geRMG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNUEdokCU9UJwBNORO0aZjhtCMVhTjgtB2Mbmd+e0yVZol4MBNJ/RiGgoWMgLHSY28MSkas3wMuI+iXK27VnQOvEi8nFZSj0S9/9QYJSWMqDOGgdddzpfEzUIYRTqelXqqpBDKCIe1aKiCm2s/mV0/xmVUGOEyULWHwXP09kUGs9SQObGcMJtLL3kz8z+umJrz2MyZkaqggi0VhyrFJ8CwCPGCKEsMnlgBRzN6KSQQKiLFBlWwI3vLLq6R1UfVq1dr9ZaV+k8dRRCfoFJ0jD12hOrpDDdREBCn0jF7Rm/PkvDjvzseiteDkM8foD5zPH8rFkrg=</latexit>'↵

<latexit sha1_base64="6Wibg/susA4XRvCgzTZIQOa9j9w=">AAAB+3icbVBNS8NAEN34WetXrEcvwSJ4qolI9Vj04rGC/YAmhMl20yzdJMvuplhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXcEalsu1vY219Y3Nru7JT3d3bPzg0j2pdmWYCkw5OWSr6AUjCaEI6iipG+lwQiANGesH4bub3JkRImiaPasqJF8MooSHFoLTkmzV3AoJH1M+dCxcYj6DwzbrdsOewVolTkjoq0fbNL3eY4iwmicIMpBw4NldeDkJRzEhRdTNJOOAxjMhA0wRiIr18fnthnWllaIWp0JUoa67+nsghlnIaB7ozBhXJZW8m/ucNMhXeeDlNeKZIgheLwoxZKrVmQVhDKghWbKoJYEH1rRaOQABWOq6qDsFZfnmVdC8bTrPRfLiqt27LOCroBJ2ic+Sga9RC96iNOgijJ/SMXtGbURgvxrvxsWhdM8qZY/QHxucP9wKUaQ==</latexit>'1/↵

We show how to construct (non-backtracking) chains of -isogenies.(2,2)



Chains of (2,2)-isogenies

<latexit sha1_base64="fH9aJKm9mEz9sBl0GHuV+ymQ3OY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN4KbCvYB7VAyaaYNzSRjkimUod/hxoUibv0Yd/6NmXYW2nogcDjnXu7JCWLOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Dbz2xOqNJPi0Uxj6kd4KFjICDZW8nsRNiOCeXo/63v9csWtunOgVeLlpAI5Gv3yV28gSRJRYQjHWnc9NzZ+ipVhhNNZqZdoGmMyxkPatVTgiGo/nYeeoTOrDFAolX3CoLn6eyPFkdbTKLCTWUi97GXif143MeG1nzIRJ4YKsjgUJhwZibIG0IApSgyfWoKJYjYrIiOsMDG2p5ItwVv+8ippXVS9WrX2cFmp3+R1FOEETuEcPLiCOtxBA5pA4Ame4RXenInz4rw7H4vRgpPvHMMfOJ8/sKSSEA==</latexit>

K1

<latexit sha1_base64="jAlt0uT7KaTwWw9OCja4JadmW38=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXQ6ZOH+6KblxWsA+YDiWTpm1oJhmSTKEM/Qw3LhRx69e4829MH4KKHrhwOOde7r0nSjjTBqEPZ219Y3NrO7eT393bPzgsHB23tEwVoU0iuVSdCGvKmaBNwwynnURRHEectqPxzdxvT6jSTIp7M01oGOOhYANGsLFS0J1glYxYL/NmvUIRuZd+7apag5aU/VIZLQnyEfRctEARrNDoFd67fUnSmApDONY68FBiwgwrwwins3w31TTBZIyHNLBU4JjqMFucPIPnVunDgVS2hIEL9ftEhmOtp3FkO2NsRvq3Nxf/8oLUDGphxkSSGirIctEg5dBIOP8f9pmixPCpJZgoZm+FZIQVJsamlLchfH0K/yetkutV3MqdX6xfr+LIgVNwBi6AB6qgDm5BAzQBARI8gCfw7Bjn0XlxXpeta85q5gT8gPP2Cd67kas=</latexit>'1 <latexit sha1_base64="RS29ZpI2zIvHYIEt3nYgSWBg7cA=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAiuykyR6rLoRnBTwT6gHUomzbShmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3ty/FhwbRznG62tb2xubRd2irt7+weHpaPjlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98W3mtydMaR7JRzONmReSoeQBp8RYyeuFxIwoEen9rF/tl8pOxZkDrxI3J2XI0eiXvnqDiCYhk4YKonXXdWLjpUQZTgWbFXuJZjGhYzJkXUslCZn20nnoGT63ygAHkbJPGjxXf2+kJNR6Gvp2Mgupl71M/M/rJia49lIu48QwSReHgkRgE+GsATzgilEjppYQqrjNiumIKEKN7aloS3CXv7xKWtWKW6vUHi7L9Zu8jgKcwhlcgAtXUIc7aEATKDzBM7zCG5qgF/SOPhajayjfOYE/QJ8/siiSEQ==</latexit>

K2

<latexit sha1_base64="BsA4uAhjSV/v1+V9Rt4Y+YU5FO8=">AAACIXicbVDLSgNBEJz1bXxFPXoZDIKnsCsSvQiiF48RjArZsPROOmbI7O4w06uEJb/ixV/x4kGR3MSfcfI4+CpoKKq66e6KtZKWfP/Dm5mdm19YXFourayurW+UN7eubZYbgQ2RqczcxmBRyRQbJEnhrTYISazwJu6dj/ybezRWZukV9TW2ErhLZUcKICdF5eOwh4aHD7KNXaAivAeju3IQBTwUoPnEnYjRAT/hISaa+hYpKlf8qj8G/0uCKamwKepReRi2M5EnmJJQYG0z8DW1CjAkhcJBKcwtahA9uMOmoykkaFvF+MMB33NKm3cy4yolPla/TxSQWNtPYteZAHXtb28k/uc1c+octwqZ6pwwFZNFnVxxyvgoLt6WBgWpviMgjHS3ctEFA4JcqCUXQvD75b/k+qAa1Kq1y8PK6dk0jiW2w3bZPgvYETtlF6zOGkywR/bMXtmb9+S9eO/ecNI6401nttkPeJ9fasajrQ==</latexit>

ker b'1 \ ker'2 = ;

<latexit sha1_base64="F9c3h5p4UQwyJBvKeu7nVjpGjFs=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKVI9FLx4r2A9o1zKbZruh2WxIspWy9H948aCIV/+LN/+NabsHbX0w8Hhvhpl5geRMG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNUEdokCU9UJwBNORO0aZjhtCMVhTjgtB2Mbmd+e0yVZol4MBNJ/RiGgoWMgLHSY28MSkas3wMuI+iXK27VnQOvEi8nFZSj0S9/9QYJSWMqDOGgdddzpfEzUIYRTqelXqqpBDKCIe1aKiCm2s/mV0/xmVUGOEyULWHwXP09kUGs9SQObGcMJtLL3kz8z+umJrz2MyZkaqggi0VhyrFJ8CwCPGCKEsMnlgBRzN6KSQQKiLFBlWwI3vLLq6R1UfVq1dr9ZaV+k8dRRCfoFJ0jD12hOrpDDdREBCn0jF7Rm/PkvDjvzseiteDkM8foD5zPH8rFkrg=</latexit>'↵

<latexit sha1_base64="6Wibg/susA4XRvCgzTZIQOa9j9w=">AAAB+3icbVBNS8NAEN34WetXrEcvwSJ4qolI9Vj04rGC/YAmhMl20yzdJMvuplhC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXcEalsu1vY219Y3Nru7JT3d3bPzg0j2pdmWYCkw5OWSr6AUjCaEI6iipG+lwQiANGesH4bub3JkRImiaPasqJF8MooSHFoLTkmzV3AoJH1M+dCxcYj6DwzbrdsOewVolTkjoq0fbNL3eY4iwmicIMpBw4NldeDkJRzEhRdTNJOOAxjMhA0wRiIr18fnthnWllaIWp0JUoa67+nsghlnIaB7ozBhXJZW8m/ucNMhXeeDlNeKZIgheLwoxZKrVmQVhDKghWbKoJYEH1rRaOQABWOq6qDsFZfnmVdC8bTrPRfLiqt27LOCroBJ2ic+Sga9RC96iNOgijJ/SMXtGbURgvxrvxsWhdM8qZY/QHxucP9wKUaQ==</latexit>'1/↵

<latexit sha1_base64="fSIZDkgyAEw9ZQbou1mxBEF0vMg=">AAACFnicdVDLSgMxFM3UV62vUZdugkVwoXVGpXZZdOOygn1AOwx30rQNZmZCkimUoV/hxl9x40IRt+LOvzF94fvAhZNz7iX3nkBwprTjvFuZufmFxaXscm5ldW19w97cqqk4kYRWScxj2QhAUc4iWtVMc9oQkkIYcFoPbi5Gfr1PpWJxdK0HgnohdCPWYQS0kXz7sNUHKXrMdw7wjLaAix58vlP3aCINfTvvFE5KruM6+DdxC84YeTRFxbffWu2YJCGNNOGgVNN1hPZSkJoRToe5VqKoAHIDXdo0NIKQKi8dnzXEe0Zp404sTUUaj9WvEymESg3CwHSGoHvqpzcS//Kaie6UvJRFItE0IpOPOgnHOsajjHCbSUo0HxgCRDKzKyY9kEC0STJnQphdiv8nteOCWywUr07z5fNpHFm0g3bRPnLRGSqjS1RBVUTQLbpHj+jJurMerGfrZdKasaYz2+gbrNcPBF6fUg==</latexit>'0,'↵,'1/↵

We show how to construct (non-backtracking) chains of -isogenies.(2,2)



Chains of (2,2)-isogenies

<latexit sha1_base64="fH9aJKm9mEz9sBl0GHuV+ymQ3OY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN4KbCvYB7VAyaaYNzSRjkimUod/hxoUibv0Yd/6NmXYW2nogcDjnXu7JCWLOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Dbz2xOqNJPi0Uxj6kd4KFjICDZW8nsRNiOCeXo/63v9csWtunOgVeLlpAI5Gv3yV28gSRJRYQjHWnc9NzZ+ipVhhNNZqZdoGmMyxkPatVTgiGo/nYeeoTOrDFAolX3CoLn6eyPFkdbTKLCTWUi97GXif143MeG1nzIRJ4YKsjgUJhwZibIG0IApSgyfWoKJYjYrIiOsMDG2p5ItwVv+8ippXVS9WrX2cFmp3+R1FOEETuEcPLiCOtxBA5pA4Ame4RXenInz4rw7H4vRgpPvHMMfOJ8/sKSSEA==</latexit>

K1

<latexit sha1_base64="jAlt0uT7KaTwWw9OCja4JadmW38=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXQ6ZOH+6KblxWsA+YDiWTpm1oJhmSTKEM/Qw3LhRx69e4829MH4KKHrhwOOde7r0nSjjTBqEPZ219Y3NrO7eT393bPzgsHB23tEwVoU0iuVSdCGvKmaBNwwynnURRHEectqPxzdxvT6jSTIp7M01oGOOhYANGsLFS0J1glYxYL/NmvUIRuZd+7apag5aU/VIZLQnyEfRctEARrNDoFd67fUnSmApDONY68FBiwgwrwwins3w31TTBZIyHNLBU4JjqMFucPIPnVunDgVS2hIEL9ftEhmOtp3FkO2NsRvq3Nxf/8oLUDGphxkSSGirIctEg5dBIOP8f9pmixPCpJZgoZm+FZIQVJsamlLchfH0K/yetkutV3MqdX6xfr+LIgVNwBi6AB6qgDm5BAzQBARI8gCfw7Bjn0XlxXpeta85q5gT8gPP2Cd67kas=</latexit>'1 <latexit sha1_base64="RS29ZpI2zIvHYIEt3nYgSWBg7cA=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAiuykyR6rLoRnBTwT6gHUomzbShmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3ty/FhwbRznG62tb2xubRd2irt7+weHpaPjlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98W3mtydMaR7JRzONmReSoeQBp8RYyeuFxIwoEen9rF/tl8pOxZkDrxI3J2XI0eiXvnqDiCYhk4YKonXXdWLjpUQZTgWbFXuJZjGhYzJkXUslCZn20nnoGT63ygAHkbJPGjxXf2+kJNR6Gvp2Mgupl71M/M/rJia49lIu48QwSReHgkRgE+GsATzgilEjppYQqrjNiumIKEKN7aloS3CXv7xKWtWKW6vUHi7L9Zu8jgKcwhlcgAtXUIc7aEATKDzBM7zCG5qgF/SOPhajayjfOYE/QJ8/siiSEQ==</latexit>

K2<latexit sha1_base64="fSIZDkgyAEw9ZQbou1mxBEF0vMg=">AAACFnicdVDLSgMxFM3UV62vUZdugkVwoXVGpXZZdOOygn1AOwx30rQNZmZCkimUoV/hxl9x40IRt+LOvzF94fvAhZNz7iX3nkBwprTjvFuZufmFxaXscm5ldW19w97cqqk4kYRWScxj2QhAUc4iWtVMc9oQkkIYcFoPbi5Gfr1PpWJxdK0HgnohdCPWYQS0kXz7sNUHKXrMdw7wjLaAix58vlP3aCINfTvvFE5KruM6+DdxC84YeTRFxbffWu2YJCGNNOGgVNN1hPZSkJoRToe5VqKoAHIDXdo0NIKQKi8dnzXEe0Zp404sTUUaj9WvEymESg3CwHSGoHvqpzcS//Kaie6UvJRFItE0IpOPOgnHOsajjHCbSUo0HxgCRDKzKyY9kEC0STJnQphdiv8nteOCWywUr07z5fNpHFm0g3bRPnLRGSqjS1RBVUTQLbpHj+jJurMerGfrZdKasaYz2+gbrNcPBF6fUg==</latexit>'0,'↵,'1/↵
<latexit sha1_base64="0bGDVs+2hX86OUtcxXUsR/doRPI=">AAACC3icdVDLSgMxFM3UV62vUZduQovgQuqMSu2y6MZlBfuAtpQ7aaYTmskMSaZQhu7d+CtuXCji1h9w59+YvsDngQsn59xL7j1ezJnSjvNhZZaWV1bXsuu5jc2t7R17d6+uokQSWiMRj2TTA0U5E7Smmea0GUsKocdpwxtcTfzGkErFInGrRzHthNAXzGcEtJG6dr49BBkHrNsGHgdwjBfv1D2ZSeOuXXCKZ2XXcR38m7hFZ4oCmqPatd/bvYgkIRWacFCq5Tqx7qQgNSOcjnPtRNEYyAD6tGWogJCqTjq9ZYwPjdLDfiRNCY2n6teJFEKlRqFnOkPQgfrpTcS/vFai/XInZSJONBVk9pGfcKwjPAkG95ikRPORIUAkM7tiEoAEok18ORPC4lL8P6mfFt1SsXRzXqhczuPIogOUR0fIRReogq5RFdUQQXfoAT2hZ+veerRerNdZa8aaz+yjb7DePgEjgpsj</latexit>'↵,'1/↵

<latexit sha1_base64="JI0yZYSf9Yb7L3UodzVdfDhQ96o=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiB4GmaixByDXjxGMIskQ+jp9CRNunuG7p5AGPIVXjwo4tXP8ebf2FkE1wcFj/eqqKoXJpxp43nvTm5ldW19I79Z2Nre2d0r7h80dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpHVzO/NaZKs1jemklCA4EHkkWMYGOlu+4Yq2TIeuVeseS5Z1Xf8z30m/iuN0cJlqj3im/dfkxSQaUhHGvd8b3EBBlWhhFOp4VuqmmCyQgPaMdSiQXVQTY/eIpOrNJHUaxsSYPm6teJDAutJyK0nQKbof7pzcS/vE5qomqQMZmkhkqyWBSlHJkYzb5HfaYoMXxiCSaK2VsRGWKFibEZFWwIn5+i/0mz7PoVt3JzXqpdLuPIwxEcwyn4cAE1uIY6NICAgHt4hCdHOQ/Os/OyaM05y5lD+Abn9QPjZZB9</latexit>'2 <latexit sha1_base64="3q9XKHn6AArWjXCZp4BaE1ZPBhE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyoVJdFN4KbCvYB7VAyaaYNzSRjkimUod/hxoUibv0Yd/6NmXYWWj0QOJxzL/fkBDFn2rjul1NYWV1b3yhulra2d3b3yvsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfJP57QlVmknxYKYx9SM8FCxkBBsr+b0ImxHBPL2b9c/75YpbdedAf4mXkwrkaPTLn72BJElEhSEca9313Nj4KVaGEU5npV6iaYzJGA9p11KBI6r9dB56hk6sMkChVPYJg+bqz40UR1pPo8BOZiH1speJ/3ndxIRXfspEnBgqyOJQmHBkJMoaQAOmKDF8agkmitmsiIywwsTYnkq2BG/5y39J66zq1aq1+4tK/TqvowhHcAyn4MEl1OEWGtAEAo/wBC/w6kycZ+fNeV+MFpx85xB+wfn4BrOskhI=</latexit>

K3

We show how to construct (non-backtracking) chains of -isogenies.(2,2)



<latexit sha1_base64="0bGDVs+2hX86OUtcxXUsR/doRPI=">AAACC3icdVDLSgMxFM3UV62vUZduQovgQuqMSu2y6MZlBfuAtpQ7aaYTmskMSaZQhu7d+CtuXCji1h9w59+YvsDngQsn59xL7j1ezJnSjvNhZZaWV1bXsuu5jc2t7R17d6+uokQSWiMRj2TTA0U5E7Smmea0GUsKocdpwxtcTfzGkErFInGrRzHthNAXzGcEtJG6dr49BBkHrNsGHgdwjBfv1D2ZSeOuXXCKZ2XXcR38m7hFZ4oCmqPatd/bvYgkIRWacFCq5Tqx7qQgNSOcjnPtRNEYyAD6tGWogJCqTjq9ZYwPjdLDfiRNCY2n6teJFEKlRqFnOkPQgfrpTcS/vFai/XInZSJONBVk9pGfcKwjPAkG95ikRPORIUAkM7tiEoAEok18ORPC4lL8P6mfFt1SsXRzXqhczuPIogOUR0fIRReogq5RFdUQQXfoAT2hZ+veerRerNdZa8aaz+yjb7DePgEjgpsj</latexit>'↵,'1/↵

Chains of (2,2)-isogenies

<latexit sha1_base64="fH9aJKm9mEz9sBl0GHuV+ymQ3OY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN4KbCvYB7VAyaaYNzSRjkimUod/hxoUibv0Yd/6NmXYW2nogcDjnXu7JCWLOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Dbz2xOqNJPi0Uxj6kd4KFjICDZW8nsRNiOCeXo/63v9csWtunOgVeLlpAI5Gv3yV28gSRJRYQjHWnc9NzZ+ipVhhNNZqZdoGmMyxkPatVTgiGo/nYeeoTOrDFAolX3CoLn6eyPFkdbTKLCTWUi97GXif143MeG1nzIRJ4YKsjgUJhwZibIG0IApSgyfWoKJYjYrIiOsMDG2p5ItwVv+8ippXVS9WrX2cFmp3+R1FOEETuEcPLiCOtxBA5pA4Ame4RXenInz4rw7H4vRgpPvHMMfOJ8/sKSSEA==</latexit>

K1

<latexit sha1_base64="jAlt0uT7KaTwWw9OCja4JadmW38=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXQ6ZOH+6KblxWsA+YDiWTpm1oJhmSTKEM/Qw3LhRx69e4829MH4KKHrhwOOde7r0nSjjTBqEPZ219Y3NrO7eT393bPzgsHB23tEwVoU0iuVSdCGvKmaBNwwynnURRHEectqPxzdxvT6jSTIp7M01oGOOhYANGsLFS0J1glYxYL/NmvUIRuZd+7apag5aU/VIZLQnyEfRctEARrNDoFd67fUnSmApDONY68FBiwgwrwwins3w31TTBZIyHNLBU4JjqMFucPIPnVunDgVS2hIEL9ftEhmOtp3FkO2NsRvq3Nxf/8oLUDGphxkSSGirIctEg5dBIOP8f9pmixPCpJZgoZm+FZIQVJsamlLchfH0K/yetkutV3MqdX6xfr+LIgVNwBi6AB6qgDm5BAzQBARI8gCfw7Bjn0XlxXpeta85q5gT8gPP2Cd67kas=</latexit>'1 <latexit sha1_base64="RS29ZpI2zIvHYIEt3nYgSWBg7cA=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAiuykyR6rLoRnBTwT6gHUomzbShmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3ty/FhwbRznG62tb2xubRd2irt7+weHpaPjlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98W3mtydMaR7JRzONmReSoeQBp8RYyeuFxIwoEen9rF/tl8pOxZkDrxI3J2XI0eiXvnqDiCYhk4YKonXXdWLjpUQZTgWbFXuJZjGhYzJkXUslCZn20nnoGT63ygAHkbJPGjxXf2+kJNR6Gvp2Mgupl71M/M/rJia49lIu48QwSReHgkRgE+GsATzgilEjppYQqrjNiumIKEKN7aloS3CXv7xKWtWKW6vUHi7L9Zu8jgKcwhlcgAtXUIc7aEATKDzBM7zCG5qgF/SOPhajayjfOYE/QJ8/siiSEQ==</latexit>

K2<latexit sha1_base64="fSIZDkgyAEw9ZQbou1mxBEF0vMg=">AAACFnicdVDLSgMxFM3UV62vUZdugkVwoXVGpXZZdOOygn1AOwx30rQNZmZCkimUoV/hxl9x40IRt+LOvzF94fvAhZNz7iX3nkBwprTjvFuZufmFxaXscm5ldW19w97cqqk4kYRWScxj2QhAUc4iWtVMc9oQkkIYcFoPbi5Gfr1PpWJxdK0HgnohdCPWYQS0kXz7sNUHKXrMdw7wjLaAix58vlP3aCINfTvvFE5KruM6+DdxC84YeTRFxbffWu2YJCGNNOGgVNN1hPZSkJoRToe5VqKoAHIDXdo0NIKQKi8dnzXEe0Zp404sTUUaj9WvEymESg3CwHSGoHvqpzcS//Kaie6UvJRFItE0IpOPOgnHOsajjHCbSUo0HxgCRDKzKyY9kEC0STJnQphdiv8nteOCWywUr07z5fNpHFm0g3bRPnLRGSqjS1RBVUTQLbpHj+jJurMerGfrZdKasaYz2+gbrNcPBF6fUg==</latexit>'0,'↵,'1/↵
<latexit sha1_base64="0bGDVs+2hX86OUtcxXUsR/doRPI=">AAACC3icdVDLSgMxFM3UV62vUZduQovgQuqMSu2y6MZlBfuAtpQ7aaYTmskMSaZQhu7d+CtuXCji1h9w59+YvsDngQsn59xL7j1ezJnSjvNhZZaWV1bXsuu5jc2t7R17d6+uokQSWiMRj2TTA0U5E7Smmea0GUsKocdpwxtcTfzGkErFInGrRzHthNAXzGcEtJG6dr49BBkHrNsGHgdwjBfv1D2ZSeOuXXCKZ2XXcR38m7hFZ4oCmqPatd/bvYgkIRWacFCq5Tqx7qQgNSOcjnPtRNEYyAD6tGWogJCqTjq9ZYwPjdLDfiRNCY2n6teJFEKlRqFnOkPQgfrpTcS/vFai/XInZSJONBVk9pGfcKwjPAkG95ikRPORIUAkM7tiEoAEok18ORPC4lL8P6mfFt1SsXRzXqhczuPIogOUR0fIRReogq5RFdUQQXfoAT2hZ+veerRerNdZa8aaz+yjb7DePgEjgpsj</latexit>'↵,'1/↵

<latexit sha1_base64="JI0yZYSf9Yb7L3UodzVdfDhQ96o=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiB4GmaixByDXjxGMIskQ+jp9CRNunuG7p5AGPIVXjwo4tXP8ebf2FkE1wcFj/eqqKoXJpxp43nvTm5ldW19I79Z2Nre2d0r7h80dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpHVzO/NaZKs1jemklCA4EHkkWMYGOlu+4Yq2TIeuVeseS5Z1Xf8z30m/iuN0cJlqj3im/dfkxSQaUhHGvd8b3EBBlWhhFOp4VuqmmCyQgPaMdSiQXVQTY/eIpOrNJHUaxsSYPm6teJDAutJyK0nQKbof7pzcS/vE5qomqQMZmkhkqyWBSlHJkYzb5HfaYoMXxiCSaK2VsRGWKFibEZFWwIn5+i/0mz7PoVt3JzXqpdLuPIwxEcwyn4cAE1uIY6NICAgHt4hCdHOQ/Os/OyaM05y5lD+Abn9QPjZZB9</latexit>'2
<latexit sha1_base64="X36cI/ejFte7RcqJ2nuztVIw1Io=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiB4GmaMxByDXjxGMIskQ+jp9CRNunuG7p5AGPIVXjwo4tXP8ebf2FkE1wcFj/eqqKoXJpxp43nvTm5ldW19I79Z2Nre2d0r7h80dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpHVzO/NaZKs1jemklCA4EHkkWMYGOlu+4Yq2TIeuVeseS55arv+R76TXzXm6MES9R7xbduPyapoNIQjrXu+F5iggwrwwin00I31TTBZIQHtGOpxILqIJsfPEUnVumjKFa2pEFz9etEhoXWExHaToHNUP/0ZuJfXic1UTXImExSQyVZLIpSjkyMZt+jPlOUGD6xBBPF7K2IDLHCxNiMCjaEz0/R/6R55voVt3JzXqpdLuPIwxEcwyn4cAE1uIY6NICAgHt4hCdHOQ/Os/OyaM05y5lD+Abn9QPk6ZB+</latexit>'3

<latexit sha1_base64="sWF4Fsk/Z3VUL+X9RJ57Iy+YhrM=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmZUYo5BLx4jmAWSIfT09CRterqH7hohDPkHLx4U8er/ePNv7CyC64OCx3tVVNULU8ENeN67U1haXlldK66XNja3tnfKu3stozJNWZMqoXQnJIYJLlkTOAjWSTUjSShYOxxdTv32HdOGK3kD45QFCRlIHnNKwEqtHo0UmH654rmnNd/zPfyb+K43QwUt0OiX33qRolnCJFBBjOn6XgpBTjRwKtik1MsMSwkdkQHrWipJwkyQz66d4COrRDhW2pYEPFO/TuQkMWachLYzITA0P72p+JfXzSCuBTmXaQZM0vmiOBMYFJ6+jiOuGQUxtoRQze2tmA6JJhRsQCUbwuen+H/SOnH9qlu9PqvULxZxFNEBOkTHyEfnqI6uUAM1EUW36B49oidHOQ/Os/Myby04i5l99A3O6wfqko9h</latexit>· · ·
<latexit sha1_base64="3q9XKHn6AArWjXCZp4BaE1ZPBhE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyoVJdFN4KbCvYB7VAyaaYNzSRjkimUod/hxoUibv0Yd/6NmXYWWj0QOJxzL/fkBDFn2rjul1NYWV1b3yhulra2d3b3yvsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfJP57QlVmknxYKYx9SM8FCxkBBsr+b0ImxHBPL2b9c/75YpbdedAf4mXkwrkaPTLn72BJElEhSEca9313Nj4KVaGEU5npV6iaYzJGA9p11KBI6r9dB56hk6sMkChVPYJg+bqz40UR1pPo8BOZiH1speJ/3ndxIRXfspEnBgqyOJQmHBkJMoaQAOmKDF8agkmitmsiIywwsTYnkq2BG/5y39J66zq1aq1+4tK/TqvowhHcAyn4MEl1OEWGtAEAo/wBC/w6kycZ+fNeV+MFpx85xB+wfn4BrOskhI=</latexit>

K3

We show how to construct (non-backtracking) chains of -isogenies.(2,2)



<latexit sha1_base64="0bGDVs+2hX86OUtcxXUsR/doRPI=">AAACC3icdVDLSgMxFM3UV62vUZduQovgQuqMSu2y6MZlBfuAtpQ7aaYTmskMSaZQhu7d+CtuXCji1h9w59+YvsDngQsn59xL7j1ezJnSjvNhZZaWV1bXsuu5jc2t7R17d6+uokQSWiMRj2TTA0U5E7Smmea0GUsKocdpwxtcTfzGkErFInGrRzHthNAXzGcEtJG6dr49BBkHrNsGHgdwjBfv1D2ZSeOuXXCKZ2XXcR38m7hFZ4oCmqPatd/bvYgkIRWacFCq5Tqx7qQgNSOcjnPtRNEYyAD6tGWogJCqTjq9ZYwPjdLDfiRNCY2n6teJFEKlRqFnOkPQgfrpTcS/vFai/XInZSJONBVk9pGfcKwjPAkG95ikRPORIUAkM7tiEoAEok18ORPC4lL8P6mfFt1SsXRzXqhczuPIogOUR0fIRReogq5RFdUQQXfoAT2hZ+veerRerNdZa8aaz+yjb7DePgEjgpsj</latexit>'↵,'1/↵

Chains of (2,2)-isogenies

<latexit sha1_base64="fH9aJKm9mEz9sBl0GHuV+ymQ3OY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN4KbCvYB7VAyaaYNzSRjkimUod/hxoUibv0Yd/6NmXYW2nogcDjnXu7JCWLOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Dbz2xOqNJPi0Uxj6kd4KFjICDZW8nsRNiOCeXo/63v9csWtunOgVeLlpAI5Gv3yV28gSRJRYQjHWnc9NzZ+ipVhhNNZqZdoGmMyxkPatVTgiGo/nYeeoTOrDFAolX3CoLn6eyPFkdbTKLCTWUi97GXif143MeG1nzIRJ4YKsjgUJhwZibIG0IApSgyfWoKJYjYrIiOsMDG2p5ItwVv+8ippXVS9WrX2cFmp3+R1FOEETuEcPLiCOtxBA5pA4Ame4RXenInz4rw7H4vRgpPvHMMfOJ8/sKSSEA==</latexit>

K1

<latexit sha1_base64="jAlt0uT7KaTwWw9OCja4JadmW38=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXQ6ZOH+6KblxWsA+YDiWTpm1oJhmSTKEM/Qw3LhRx69e4829MH4KKHrhwOOde7r0nSjjTBqEPZ219Y3NrO7eT393bPzgsHB23tEwVoU0iuVSdCGvKmaBNwwynnURRHEectqPxzdxvT6jSTIp7M01oGOOhYANGsLFS0J1glYxYL/NmvUIRuZd+7apag5aU/VIZLQnyEfRctEARrNDoFd67fUnSmApDONY68FBiwgwrwwins3w31TTBZIyHNLBU4JjqMFucPIPnVunDgVS2hIEL9ftEhmOtp3FkO2NsRvq3Nxf/8oLUDGphxkSSGirIctEg5dBIOP8f9pmixPCpJZgoZm+FZIQVJsamlLchfH0K/yetkutV3MqdX6xfr+LIgVNwBi6AB6qgDm5BAzQBARI8gCfw7Bjn0XlxXpeta85q5gT8gPP2Cd67kas=</latexit>'1 <latexit sha1_base64="RS29ZpI2zIvHYIEt3nYgSWBg7cA=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAiuykyR6rLoRnBTwT6gHUomzbShmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3ty/FhwbRznG62tb2xubRd2irt7+weHpaPjlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98W3mtydMaR7JRzONmReSoeQBp8RYyeuFxIwoEen9rF/tl8pOxZkDrxI3J2XI0eiXvnqDiCYhk4YKonXXdWLjpUQZTgWbFXuJZjGhYzJkXUslCZn20nnoGT63ygAHkbJPGjxXf2+kJNR6Gvp2Mgupl71M/M/rJia49lIu48QwSReHgkRgE+GsATzgilEjppYQqrjNiumIKEKN7aloS3CXv7xKWtWKW6vUHi7L9Zu8jgKcwhlcgAtXUIc7aEATKDzBM7zCG5qgF/SOPhajayjfOYE/QJ8/siiSEQ==</latexit>

K2<latexit sha1_base64="fSIZDkgyAEw9ZQbou1mxBEF0vMg=">AAACFnicdVDLSgMxFM3UV62vUZdugkVwoXVGpXZZdOOygn1AOwx30rQNZmZCkimUoV/hxl9x40IRt+LOvzF94fvAhZNz7iX3nkBwprTjvFuZufmFxaXscm5ldW19w97cqqk4kYRWScxj2QhAUc4iWtVMc9oQkkIYcFoPbi5Gfr1PpWJxdK0HgnohdCPWYQS0kXz7sNUHKXrMdw7wjLaAix58vlP3aCINfTvvFE5KruM6+DdxC84YeTRFxbffWu2YJCGNNOGgVNN1hPZSkJoRToe5VqKoAHIDXdo0NIKQKi8dnzXEe0Zp404sTUUaj9WvEymESg3CwHSGoHvqpzcS//Kaie6UvJRFItE0IpOPOgnHOsajjHCbSUo0HxgCRDKzKyY9kEC0STJnQphdiv8nteOCWywUr07z5fNpHFm0g3bRPnLRGSqjS1RBVUTQLbpHj+jJurMerGfrZdKasaYz2+gbrNcPBF6fUg==</latexit>'0,'↵,'1/↵
<latexit sha1_base64="0bGDVs+2hX86OUtcxXUsR/doRPI=">AAACC3icdVDLSgMxFM3UV62vUZduQovgQuqMSu2y6MZlBfuAtpQ7aaYTmskMSaZQhu7d+CtuXCji1h9w59+YvsDngQsn59xL7j1ezJnSjvNhZZaWV1bXsuu5jc2t7R17d6+uokQSWiMRj2TTA0U5E7Smmea0GUsKocdpwxtcTfzGkErFInGrRzHthNAXzGcEtJG6dr49BBkHrNsGHgdwjBfv1D2ZSeOuXXCKZ2XXcR38m7hFZ4oCmqPatd/bvYgkIRWacFCq5Tqx7qQgNSOcjnPtRNEYyAD6tGWogJCqTjq9ZYwPjdLDfiRNCY2n6teJFEKlRqFnOkPQgfrpTcS/vFai/XInZSJONBVk9pGfcKwjPAkG95ikRPORIUAkM7tiEoAEok18ORPC4lL8P6mfFt1SsXRzXqhczuPIogOUR0fIRReogq5RFdUQQXfoAT2hZ+veerRerNdZa8aaz+yjb7DePgEjgpsj</latexit>'↵,'1/↵

<latexit sha1_base64="JI0yZYSf9Yb7L3UodzVdfDhQ96o=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiB4GmaixByDXjxGMIskQ+jp9CRNunuG7p5AGPIVXjwo4tXP8ebf2FkE1wcFj/eqqKoXJpxp43nvTm5ldW19I79Z2Nre2d0r7h80dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpHVzO/NaZKs1jemklCA4EHkkWMYGOlu+4Yq2TIeuVeseS5Z1Xf8z30m/iuN0cJlqj3im/dfkxSQaUhHGvd8b3EBBlWhhFOp4VuqmmCyQgPaMdSiQXVQTY/eIpOrNJHUaxsSYPm6teJDAutJyK0nQKbof7pzcS/vE5qomqQMZmkhkqyWBSlHJkYzb5HfaYoMXxiCSaK2VsRGWKFibEZFWwIn5+i/0mz7PoVt3JzXqpdLuPIwxEcwyn4cAE1uIY6NICAgHt4hCdHOQ/Os/OyaM05y5lD+Abn9QPjZZB9</latexit>'2
<latexit sha1_base64="X36cI/ejFte7RcqJ2nuztVIw1Io=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiB4GmaMxByDXjxGMIskQ+jp9CRNunuG7p5AGPIVXjwo4tXP8ebf2FkE1wcFj/eqqKoXJpxp43nvTm5ldW19I79Z2Nre2d0r7h80dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpHVzO/NaZKs1jemklCA4EHkkWMYGOlu+4Yq2TIeuVeseS55arv+R76TXzXm6MES9R7xbduPyapoNIQjrXu+F5iggwrwwin00I31TTBZIQHtGOpxILqIJsfPEUnVumjKFa2pEFz9etEhoXWExHaToHNUP/0ZuJfXic1UTXImExSQyVZLIpSjkyMZt+jPlOUGD6xBBPF7K2IDLHCxNiMCjaEz0/R/6R55voVt3JzXqpdLuPIwxEcwyn4cAE1uIY6NICAgHt4hCdHOQ/Os/OyaM05y5lD+Abn9QPk6ZB+</latexit>'3

<latexit sha1_base64="sWF4Fsk/Z3VUL+X9RJ57Iy+YhrM=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmZUYo5BLx4jmAWSIfT09CRterqH7hohDPkHLx4U8er/ePNv7CyC64OCx3tVVNULU8ENeN67U1haXlldK66XNja3tnfKu3stozJNWZMqoXQnJIYJLlkTOAjWSTUjSShYOxxdTv32HdOGK3kD45QFCRlIHnNKwEqtHo0UmH654rmnNd/zPfyb+K43QwUt0OiX33qRolnCJFBBjOn6XgpBTjRwKtik1MsMSwkdkQHrWipJwkyQz66d4COrRDhW2pYEPFO/TuQkMWachLYzITA0P72p+JfXzSCuBTmXaQZM0vmiOBMYFJ6+jiOuGQUxtoRQze2tmA6JJhRsQCUbwuen+H/SOnH9qlu9PqvULxZxFNEBOkTHyEfnqI6uUAM1EUW36B49oidHOQ/Os/Myby04i5l99A3O6wfqko9h</latexit>· · ·
<latexit sha1_base64="3q9XKHn6AArWjXCZp4BaE1ZPBhE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyoVJdFN4KbCvYB7VAyaaYNzSRjkimUod/hxoUibv0Yd/6NmXYWWj0QOJxzL/fkBDFn2rjul1NYWV1b3yhulra2d3b3yvsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfJP57QlVmknxYKYx9SM8FCxkBBsr+b0ImxHBPL2b9c/75YpbdedAf4mXkwrkaPTLn72BJElEhSEca9313Nj4KVaGEU5npV6iaYzJGA9p11KBI6r9dB56hk6sMkChVPYJg+bqz40UR1pPo8BOZiH1speJ/3ndxIRXfspEnBgqyOJQmHBkJMoaQAOmKDF8agkmitmsiIywwsTYnkq2BG/5y39J66zq1aq1+4tK/TqvowhHcAyn4MEl1OEWGtAEAo/wBC/w6kycZ+fNeV+MFpx85xB+wfn4BrOskhI=</latexit>

K3

We show how to construct (non-backtracking) chains of -isogenies.(2,2)

For a chain of length  , if we have -rational -torsion on        , at each step we can compute the 
scaling using the -torsion.

k 𝔽p 2k+1

4

<latexit sha1_base64="fH9aJKm9mEz9sBl0GHuV+ymQ3OY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN4KbCvYB7VAyaaYNzSRjkimUod/hxoUibv0Yd/6NmXYW2nogcDjnXu7JCWLOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Dbz2xOqNJPi0Uxj6kd4KFjICDZW8nsRNiOCeXo/63v9csWtunOgVeLlpAI5Gv3yV28gSRJRYQjHWnc9NzZ+ipVhhNNZqZdoGmMyxkPatVTgiGo/nYeeoTOrDFAolX3CoLn6eyPFkdbTKLCTWUi97GXif143MeG1nzIRJ4YKsjgUJhwZibIG0IApSgyfWoKJYjYrIiOsMDG2p5ItwVv+8ippXVS9WrX2cFmp3+R1FOEETuEcPLiCOtxBA5pA4Ame4RXenInz4rw7H4vRgpPvHMMfOJ8/sKSSEA==</latexit>

K1



SQIsign with Kummer surfaces
Recall: SQIsign verification is performed in 13 steps 

<latexit sha1_base64="WQfggQi3FKl8Od+TPQ/Ib0AV3VE="></latexit>

E↵ = E(1) E(2) · · · E(12) E(13) = E↵0
'1 '2 '12 '13



SQIsign with Kummer surfaces
Recall: SQIsign verification is performed in 13 steps 

<latexit sha1_base64="WQfggQi3FKl8Od+TPQ/Ib0AV3VE="></latexit>

E↵ = E(1) E(2) · · · E(12) E(13) = E↵0
'1 '2 '12 '13

We can instead map this down to Kummer surfaces and compute isogenies defined over 𝔽p

<latexit sha1_base64="REfOFvJirDcyVeieL3Jz5FY9b4M="></latexit>

E↵ E↵0

E↵ ⇥ E(p)
↵ K(1) K(2) · · · K(12) K(13)

E(p)
↵ E(p)

↵0

'1 '2 '12 '13

<latexit sha1_base64="REfOFvJirDcyVeieL3Jz5FY9b4M="></latexit>

E↵ E↵0

E↵ ⇥ E(p)
↵ K(1) K(2) · · · K(12) K(13)

E(p)
↵ E(p)

↵0

'1 '2 '12 '13

<latexit sha1_base64="mdm1qxxJlsmy9mxLs5iMe8EzEDQ="></latexit>

E↵0

• E↵0 ⇥ E(p)
↵0

E(p)
↵0



SQIsign with Kummer surfaces
We can instead map this down to Kummer surfaces and compute isogenies defined over 𝔽p

<latexit sha1_base64="REfOFvJirDcyVeieL3Jz5FY9b4M="></latexit>

E↵

E↵ ⇥ E(p)
↵

E(p)
↵

<latexit sha1_base64="REfOFvJirDcyVeieL3Jz5FY9b4M="></latexit>

E↵ E↵0

E↵ ⇥ E(p)
↵ K(1) K(2) · · · K(12) K(13)

E(p)
↵ E(p)

↵0

'1 '2 '12 '13

E↵0

• E↵0 ⇥ E(p)
↵0

E(p)
↵0

φsig

Uncompressed Signatures

 is given as a list of kernel generators  φsig K1, K2, …, K13 ∈ 𝒦sqr[276]



Compressed signatures?
Recall compress our elliptic signatures we needed: 
•Deterministic point sampling to compute a basis   
•Three point ladder on the Kummer line to compute the kernel generator   

⟨Pi, Qi⟩ = E(i−1)[275]
Ki = Pi + siQi



Compressed signatures?

•Deterministic point sampling to compute a basis   
•Three point ladder on the Kummer surface to compute the kernel generator   

⟨Pi, Qi⟩ = 𝒦(i−1)[276]
Ki = Pi + siQi



Compressed signatures?

•Deterministic point sampling to compute a basis   
•Three point ladder on the Kummer surface to compute the kernel generator   

⟨Pi, Qi⟩ = 𝒦(i−1)[276]
Ki = Pi + siQi

Problem: Given  and scalar  compute Pi, Qi si Pi + siQi

1) Compute  using scalar multiplication[si]Qi
2) Compute the point difference   Pi − siQi
3) From , compute the kernel generator  using 
a three point ladder  

Pi, [si]Qi, Pi − siQi Pi + siQi

We develop efficient  
and ThreePointLadder algorithms.

PointDifference



Compressed signatures?

•Deterministic point sampling to compute a basis   
•Three point ladder on the Kummer surface to compute the kernel generator   

⟨Pi, Qi⟩ = 𝒦(i−1)[276]
Ki = Pi + siQi

Problem: Sample points deterministically
Solution: use pairings!



SQIsign compressed signatures

Point Compression (by Signer)

Now we know how to compute . How does the signer compute  for each step? Ki = Pi + siQi si

1) Sample basis  on Kummer surface deterministicallyPi, Qi

3) Compute the discrete logarithm  such that si Ki = Pi + siQi

2) Map  to their corresponding points on the JacobianKi, Pi, Qi



SQIsign compressed signatures

Point Compression (by Signer)

Now we know how to compute . How does the signer compute  for each step? Ki = Pi + siQi si

3) Compute the discrete logarithm  such that si Ki = Pi + siQi

2) Map  to their corresponding points on the JacobianKi, Pi, Qi

We develop a new efficient algorithm for this

1) Sample basis  on Kummer surface deterministicallyPi, Qi



Conclusions
•We show how SQIsign verification can be seen as a protocol between Kummer  
surfaces. 

•We build a toolbox of new techniques to facilitate SQIsign verification of 
compressed signatures. 

•Using our methods, new practical higher dimensional protocols may be enabled. 

Any questions?

For more details: eprint 2024/948


